In this paper, we report the enhanced stability of induced synchronization by transient uncoupling observed in certain unidirectionally coupled second-order chaotic systems. The stability of synchronization observed in the coupled systems subjected to transient uncoupling is analyzed using the Master Stability Function. The existence of the coupled systems in stable synchronized states over a certain range of the clipping fraction of the driven system is identified. The enhanced stable synchronized states are obtained for fixed values of clipping fraction in certain second-order chaotic systems. The two-parameter bifurcation diagram indicating the parameter regions over which stable synchronization occurs is presented. The negative eigenvalue regions of the driven system enabling induced synchronization is studied for all the systems. The enhancement of synchronization through transient uncoupling observed in coupled second-order non-autonomous chaotic systems is reported in the literature for the first time.
I. INTRODUCTION
The identical behavior of coupled chaotic systems has been primarily challenged by the sensitive dependence nature of chaotic trajectories on initial conditions. With the identification of chaos synchronization by Pecora et al. 1 , several nonlinear systems have been studied for the dynamical process of chaos synchronization [2] [3] [4] [5] . The existence of the drive and the driven systems in the synchronized state has been indicated by the negative values of the Master Stability Function (MSF) 6, 7 . Hence, in order to sustain synchronization in coupled chaotic systems the MSF has been expected to be in the negative valued regions for greater coupling strengths. Recently, induced synchronization has been instigated in unidirectionally coupled chaotic systems by the method of transient uncoupling 8 . In the method of transient uncoupling, the coupling strength is activated only over a certain region of phase space of the chaotic attractor of driven system. This method has been applied for a variety of higher dimensional chaotic systems and the mechanism for the emergence of enhanced synchronization has been identified [9] [10] [11] . However, the applicability of the method of transient uncoupling for second-order, non-autonomous chaotic systems remains unexplored. In this paper, we present the enhancement of induced synchronization by transient uncoupling observed in certain coupled second-order, non-autonomous chaotic systems. Enhancing the stability of synchronized states in coupled chaotic systems becomes necessary in understanding the collective dynamics of these systems in networks 7 . Now, we discuss the method of transient uncoupling in brief. Under the uncoupled state, the isolated systems are described byẋ
where, F(x) is the velocity field, x is a d-dimensional vector and d represents the dimension of the system. With the transient uncoupling factor introduced in the coupling parameter, the driven system which is coupled to the drive can be written aṡ
where G and E are the matrices representing coupling coefficients and the information of the coupled variables, respectively. The term χ A represents the transient uncoupling factor given as
where, A is a region of phase space of the driven system such that A ⊆ R d in which the driven system is controlled by the drive and the represents the region where the coupling is active. The subset A is obtained by clipping a portion of the phase space of the driven system along the direction of the coupled state variable of the driven system given as
where x 2 * is a point considered as the center of the chaotic attractor and it lies along the coordinate axis of the state variable x 2 . The variational equation of Eq. 2 is given byξ
where I N is an N ×N identity matrix, DF is the Jacobian of the uncoupled system and ⊗ represents the inner or Kronecker product. On diagonalization of the matrix G, Eq. 5 is written asξ
where δ = ǫχ A and γ k are the eigenvalues of G with k = 0 or 1. In general, the quantity δγ k are generally complex numbers which can be written in the form δγ k = α + iβ. Hence, the general dynamical system iṡ
The largest transverse lyapunov exponent λ ⊥ max of the generic variational equation given by Eq. 7 depending on α and β values, is the master stability function (MSF) 6, 12 . Under the coupling of the x-variables of the system, the matrices G and E are given as
The following are discussed in this paper. In Section II, the enhancement of stable synchronization observed in coupled Morse oscillator systems subjected to transient uncoupling is presented. Section III deals with the studies on coupled series LCR circuit systems with two different types of nonlinear elements and in Section IV coupled parallel LCR circuit systems are discussed. In Section V, the enhancement of synchronization observed in coupled quasiperiodically forced series LCR circuit systems exhibiting strange non-chaotic attractors (SNA) in their dynamics is presented. and driven systems (red) of the coupled Morse oscillator system in the x1 − y1 and x2 − y2 planes under the uncoupled state (ǫ = 0) with clipping of phase space of the driven system through transient uncoupling.
II. MORSE OSCILLATOR
The classical Morse oscillator system has been used to describe the dynamics of diatomic molecular vibrations. The dynamical equations of the unidirectionally coupled Morse oscillator system 13, 14 under transient uncoupling is written aṡ
where x 1 , y 1 , z 1 and x 2 , y 2 , z 2 represents the normalized state variables of the drive and driven systems, respectively. The drive and the driven systems are coupled through the x-variables and the parameters of the system are fixed as α = 0.8, β = 8, ω 1,2 = 2 and f 1,2 = 0.35. The Morse oscillator system exhibits a period-doubling route to chaos and the chaotic attractors of the drive (blue) and the driven (red) systems obtained for the amplitude of the external force f 1,2 = 0.35 under the unsynchronized state (ǫ = 0) is as shown in Fig. 1 . The synchronization dynamics of the coupled system under transient uncoupling is shown in Fig. 2 . In the absence of transient uncoupling the variation of the MSF as a function of the coupling parameter shows stable synchronized states in the range 0.415 ≤ ǫ ≤ 28. Hence, the coupled system becomes unsynchronized for coupling strengths ǫ > 28 under normal coupling. Now we introduce the transient uncoupling factor in the system equations and study its synchronization stability. The stability of the synchronized states can be analyzed for different regions of clipping of the phase space of the driven system expressed by the clipping fraction ∆ ′ = 2∆/Ω where, Ω is the width of the attractor along the clipping coordinate axis (x-axis). The point x 2 * has been considered as the center of the chaotic attractor and the phase space is clipped to a width of ∆ along the coordinate axis (x 2 -axis) on either side of x 2 * , resulting in a clipping width of 2∆. The variation of the MSF of the coupled system under transient uncoupling as a function of the clipping fraction with the coupling strength fixed at ǫ = 29.5 is shown in Fig. 2(b) . For ∆ = 0, the two systems are uncoupled and hence does not synchronize and for ∆ = Ω/2, the coupling between the systems become normal and the original unsynchronized behavior of the systems under normal coupling is obtained. From Fig. 2 An analysis on the nature of the eigenvalues of the driven system within the clipped region provides an understanding on the mechanism of induced synchronization through transient uncoupling. The Jacobian of the coupled Morse oscillator system subjected to transient uncoupling can be written as
(9) The synchronous of the driven system is observed only when the trajectories of the driven system traces that of the drive. Hence the eigenvalues corresponding to the driven system obtained from Eq. 9 must enable the trajectories to converge towards the drive system. Figure 3 shows the chaotic attractor (blue) of the driven system in the (x 2 − y 2 ) phase plane along with the values of x 2 (red) within the clipping fraction ∆ ′ = 0.85 for which the eigenvalues of the driven system have negative real parts and hence leading to the convergence of the trajectories. These negative eigenvalue regions of the driven system within the clipping fraction enables the synchronization of the coupled systems.
III. SERIES LCR CIRCUITS
In this section, we present the enhanced stability of induced synchronization observed in a class of coupled sinusoidally forced series LCR circuit systems with threesegmented piecewise-linear elements. The Chua's diode and the simplified nonlinear element are the nonlinear elements considered for the present study. The normalized state equations of the unidirectionally coupled chaotic systems subjected to transient uncoupling can be written asẋ
where x 1 , y 1 , z 1 and x 2 , y 2 , z 2 represents the normalized state variables of the drive and driven systems, respectively. The terms h(x 1 ), h(x 2 ) represent the threesegmented piecewise-linear function of the drive and the driven systems given as
The driven system is coupled to the drive through the x-variable by the factor ǫχ A . When the piecewise-linear function h(x) represents the characteristics of the Chua's diode the circuit is termed as the Murali-LakshmananChua circuit (MLC) circuit and when it represents the simplified nonlinear element it is termed as the forced series LCR circuit with a simplified nonlinear element . The parameters for the MLC and the circuit with a simplified nonlinear element take the values a = −1.02, b = −0.55, β = 1, ν = 0.015, ω 1,2 = 0.72 and a = −1.148, b = 5.125, β = 0.9865, ν = 0, ω 1,2 = 0.7084, respectively.
A. Murali-Lakshmanan-Chua circuit
The Murali-Lakshmanan-Chua circuit circuit is the first second-order, non-autonomous circuit system found to exhibit chaos in its dynamics 15 . The chaotic and synchronization dynamics of the circuit has been completely studied experimentally, numerically and analytically [16] [17] [18] [19] . This system exhibits a double-band chaotic attractor at the amplitude of the external force f 1,2 = 0.14. The chaotic attractors of the drive (blue) and the driven (red) MLC circuit systems under the unsynchronized state is as shown in Fig. 4(a) . The synchronization dynamics of the coupled system under Fig. 5(d) .
B. Forced series LCR circuit with a simplified nonlinear element
The forced series LCR circuit with a simplified nonlinear element introduced by Arulgnanam et al. 20 is a second-order, non-autonomous circuit that exhibits chaos in its dynamics. The simplified nonlinear element is an active circuit element that has been constructed with a least number of circuit elements. The fractal dimension of the chaotic attractors produced by the circuits with this nonlinear element has a greater value as compared to the Chua's diode. This circuit exhibits a prominent chaotic attractor at the value of the amplitude of the force f 1,2 = 0.375. The chaotic attractors of the drive (blue) and the driven (red) systems represented by Eq. 10 under the unsynchronized state is as shown in Fig.  4(b) . The synchronization dynamics of the coupled system under transient uncoupling is shown in Fig. 6 . Under normal coupling, the variation of the MSF with the coupling strength indicates stable synchronized states in the range 0.074 ≤ ǫ ≤ 27.006 as shown in Fig. 6(a) . The variation of the MSF of the coupled system under transient uncoupling as a function of the clipping fraction with the coupling strength fixed at ǫ = 29 is shown in Fig. 6(b) . From Fig. 6(b) it is observed that the coupled system exists in stable synchronized states in the range of the clipping fractions 0.004 ≤ ∆ ′ ≤ 0.964. Figure  6 Fig. 6(d) . The Jacobian of the normalized state equations of the series LCR circuit systems with any three-segmented piecewise-linear element represented by Eq. 10 can be written as The eigenvalues of the driven systems obtained using Eq.
12 can be used to analyze the mechanism of induced synchronization by transient uncoupling. Figure 7 (a) and 7(b) shows the chaotic attractors (blue) of the driven MLC and the simplified nonlinear element systems in the (x 2 −y 2 ) phase plane along with the values of x 2 (red) for the parameters ǫ = 29, ∆ ′ = 0.67 and ǫ = 29, ∆ ′ = 0.5, respectively. The eigenvalues corresponding to each of the piecewise-linear regions within the clipping fraction are either real or complex conjugates with negative real parts. Hence, the trajectories of the driven system converges towards the trajectories of the drive at greater values coupling strengths using transient uncoupling for which synchronization cannot be achieved under normal coupling.
IV. PARALLEL LCR CIRCUITS
In this section, we present the enhanced stability of induced synchronization observed in coupled sinusoidally forced parallel LCR circuit systems with piecewise-linear elements. The Chua's diode and the simplified nonlinear element are the nonlinear elements considered for the present study. The normalized state equations of the x-coupled chaotic systems subjected to transient uncoupling can be written aṡ
where x 1 , y 1 , z 1 and x 2 , y 2 , z 2 represents the normalized state variables of the drive and driven systems, respectively. The terms h(x 1 ), h(x 2 ) representing the threesegmented piecewise-linear function is as given in Eq. 11. The driven system is coupled to the drive through 
A. Variant of Murali-Lakshmanan-Chua circuit
The forced parallel LCR circuit with the Chua's diode as the nonlinear element introduced by Thamilmaran et al. 21 exhibits a rich variety of bifurcations and chaos in its dynamics 22 . The chaotic and the synchronization dynamics of the circuit has been extensively studied experimentally, numerically and analytically 18, 19, 23 . This system exhibits a torus-breakdown route to chaos and a prominent chaotic attractor is observed at the amplitude Fig. 9(d) .
B. Forced parallel LCR circuit with a simplified nonlinear element
The sinusoidally forced parallel LCR circuit with a simplified nonlinear element exhibiting chaotic dynamics was introduced by Arulgnanam et al. 24 . This circuit exhibits a prominent chaotic attractor at the amplitude of the force f 1,2 = 0.695. The chaotic and the synchronization dynamics of the circuit has been studied experimentally, numerically and analytically 18, 23 . The chaotic attractors of the drive (blue) and the driven (red) systems with simplified nonlinear elements represented by Eq. 13 under the unsynchronized state is as shown in Fig. 8(b) . The synchronization dynamics of the coupled system under transient uncoupling is shown in Fig. 10 . Under normal coupling, the variation of the MSF with the coupling strength indicates stable synchronized states in the range 0.051 ≤ ǫ ≤ 23.32 as shown in Fig. 10(a) . The variation of the MSF of the coupled system under transient uncoupling as a function of the clipping fraction with the coupling strength fixed at ǫ = 28 as shown in Fig. 10(b) indicates stable synchronized states in the range of the clipping fractions 0.0037 ≤ ∆ ′ ≤ 0.907. Figure 10(c) showing the variation of the MSF with the coupling strength indicates stable synchronized state in the range 0.053 ≤ ǫ ≤ 28.28 for a clipping fraction of ∆ ′ = 0.6. The two-parameter bifurcation diagram obtained in the ∆ ′ − ǫ plane showing the parameter regions (gray) for the existence of the coupled system in the synchronized state is shown in Fig. 10(d) .
The Jacobian of the normalized state equations of the forced parallel LCR circuit systems with a threesegmented piecewise-linear element represented by Eq. 13 can be written as
The eigenvalues of the driven systems obtained from Eq. 14 can be used to analyze the mechanism of induced synchronization by transient uncoupling. Figure 11 (a) and 11(b) shows the chaotic attractors (blue) of the driven MLCV and the simplified nonlinear element systems in the (x 2 − y 2 ) phase plane along with the values of x 2 (red) corresponding to negative eigenvalues for the pa-rameters ǫ = 28, ∆ ′ = 0.6. The eigenvalues of the driven system corresponding to each of the piecewise-linear regions within the clipping fraction are either real or complex conjugates with negative real parts and hence the trajectories of the driven system converges towards the trajectories of the drive inducing synchronization.
V. QUASIPERIODICALLY FORCED SERIES LCR CIRCUIT
The quasiperiodically forced series LCR circuit exhibiting strange non-chaotic attractor (SNA) in its dynamics was introduced by Venkatesan et al. 25 . The synchronization of the SNA dynamics observed in this circuit has been studied both numerically and analytically 26, 27 . The normalized state equations of the x-coupled quasiperiodically forced series LCR circuits with the Chua's diode as the nonlinear element subjected to transient uncoupling can be written aṡ
where x 1 , y 1 , z 1 and x 2 , y 2 , z 2 represents the normalized state variables of the drive and driven systems, respectively. The terms h(x 1 ), h(x 2 ) represents the threesegmented piecewise-linear function corresponding to the Chua's diode as given in Eq. 11. The normalized parameters of the system are fixed as β = 1.152 , ν = 0.01388, a=-1.0944, b=-0.5904, ω 1,3 = 2.1448, ω 2,4 = 0.6627. The ratio of the frequencies ω 1,2 /ω 2,4 is an integral multiple of the golden ratio. This system exhibits a prominent chaotic attractor obtained by the torus doubling or the Heagy-Hammel route through the evolution of SNA at the values of the amplitude of the external forces f 1,3 = 0.5184, f 2,4 = 0.233. The chaotic attractors of the drive (blue) and the driven (red) systems observed under the unsynchronized state (ǫ = 0) is as shown in Fig. 12 .
The synchronization dynamics of the coupled system under transient uncoupling is shown in Fig. 13 . Under normal coupling, the variation of the MSF with the coupling strength indicates stable synchronized states in the range 0.0203 ≤ ǫ ≤ 28.76 as shown in Fig. 13(a) . The variation of the MSF of the coupled system under transient uncoupling as a function of the clipping fraction with the coupling strength fixed at ǫ = 29 is shown in Fig. 13(b) . From Fig. 13(b) it is observed that the coupled system exists in stable synchronized states in the lower regions of clipping fractions 0.006 ≤ ∆ ′ ≤ 0.493. coupling strength indicates stable synchronized state in the range 0.056 ≤ ǫ ≤ 29.738 for a clipping fraction of ∆ ′ = 0.4. The two-parameter bifurcation diagram obtained in the ∆ ′ − ǫ plane showing the parameter regions (gray) for the existence of the coupled system in the synchronized state is shown in Fig. 13(d) . The Jacobian of the quasiperiodically forced series LCR circuit system is represented by the Eq. 12. The eigenvalues of the driven system is obtained using Eq. 12 for the clipping fraction and coupling strength fixed at ∆ ′ = 0.4, ǫ = 29. Figure 14 shows the chaotic attractor (blue) of the driven system in the (x 2 − y 2 ) phase plane along with the values of x 2 (red) indicating the region of the negative eigenvalues. The eigenvalues corresponding to each of the piecewise-linear regions within the clipping fraction are either real or complex conjugates with negative real parts leading to the convergence of the trajectories of the driven system towards the drive.
VI. CONCLUSION
In this paper we have reported the stability of induced synchronized states observed in unidirectionally coupled second-order chaotic systems subjected to transient uncoupling. The method of transient uncoupling has paved way for the enhancement of the stable synchronized states over higher values of coupling strength which are not observed under normal coupling. Further, a broader region of the clipping fraction over which stable synchronization is identified results in obtaining enhanced stability of synchronization over greater values of coupling strength. This method has been successfully applied for enhancing synchronization stability in higher dimensional chaotic systems [8] [9] [10] [11] . The present study reveals the applicability of the method of transient uncoupling to second-order, non-autonomous systems exhibiting chaotic and strange non-chaotic behavior in their dynamics and establishes the global behavior of this method. All the simple chaotic systems present a broader region of clipping fraction over which stable synchronization is achieved. Further, an enhanced stable synchronization at higher values of coupling strength is obtained for a finite clipping fraction and the parameter regions of stable synchronization is identified. Because the number of components required to design the simple chaotic systems is minimum, these systems are much helpful in sustaining the synchronization stability over larger values of coupling strength for the practical applications of secure communication.
